Abstract-Daily and seasonal variability of the solar irradiation poses a major hurdle to the widespread adoption of photovoltaic (PV) systems. An integrated photovoltaic-electrochemical (EC)-storage system offers a solution, but the thermodynamic efficiency (η sy s ) of the "ideal" integrated system and the optimum configuration needed to realize the limit is known only for a few simple cases. Moreover, these limits are often derived through complex numerical simulations. In this paper, we show that a simple, conceptually transparent and physically intuitive analytical formula can precisely describe the η sy s of a "generalized" PV-EC integrated system. An M-cell PV module of N-junction bifacial tandem cells is illuminated under S-suns and mounted over ground of albedo R. There are K-EC cells in series, each defined by their reaction potential, exchange current, and Tafel slope. We derive the optimum thermodynamic limit η sy s (N, M, K, R, S) for all possible combinations of a PV-EC design. For a setup with optimal-(M, K) and large N , under 1-sun illumination and albedo = 0, the ultimate limit is η sy s ∼ 52%. A comparison of our results with experimental results published by various groups worldwide suggests opportunities for further progress toward the corresponding thermodynamic limit.
I. INTRODUCTION

S
OLAR energy is an important source of clean and renewable energy. There has been extensive investment, research, and development in this field with the objective of maximizing efficiency and output power from solar cells (at the device level) [1] to solar farms (at the system level). Regardless of the aforementioned efforts, there exists a fundamental issue with solar energy: Earth's rotation around the sun leads to spatial (latitude), seasonal, and diurnal variation in sunlight intensity. Storing solar energy in various other forms of energy (e.g., chemical, mechanical, gravitational) provides a solution to this challenge. For electrochemical (EC) energy storage, a variety of approaches have been proposed, including batteries, organic and/or inorganic reactions, artificial photosynthesis [2] , etc. In this paper, we report the thermodynamic performance limit of photovoltaic (PV)-to-EC energy conversion through an illustrative example of splitting of water into hydrogen and oxygen.
A review of the literature [2] , [4] - [14] shows that various papers on water-splitting generally consider a subset of the thermodynamically relevant fundamental PV-EC parameters. Others derive the efficiency limit (η sys ) by using detailed numerical simulations including a combination of fundamental and practical parameters [14] , [15] . These contributions are critically important but reliance on numerical modeling often makes it difficult to assess how η sys depends explicitly on the key physical variables. In this regard, the analytical model presented in this paper describes the optimum combination of parameters required to maximize the efficiency of the generalized PV-EC integrated system in an intuitively transparent form, compares the results from different configurations explored by various groups, and suggests opportunities for significant improvement by using newly developed bifacial tandem cells.
A generalized configuration for such PV-to-EC conversion (relevant for research efforts worldwide) is shown in Fig. 1 . This system is characterized by five PV and four EC variables.
The PV variables are the intensity of sunlight (S), the fraction of incident light reflected from the ground (albedo, R), number of series-connected cells in the PV module (M ), number of subcells in a multijunction (MJ) (Tandem) solar cell (N ), and the set of bandgaps of the solar cell ([E g ]). The EC parameters are the number of series-connected EC cells (K), the thermodynamic potential of the reaction (μ th ), effective exchange current density (J 0,ec ), and effective Tafel slope (β).
This set of nine variables is sufficient to calculate the thermodynamic upper limit of an "idealized" PV-EC system, with the same level of rigor and relevance as the Shockley-Queisser (SQ) analysis for a standalone PV system [16] . Similar to the SQ limit, we realize that practical considerations, such as series and shunt resistances [3] , [6] , [13] , diode nonideality factor, self-heating in both PV and EC, spectral difference, non-ideal Tafel slope, may in practice make it impossible to reach the PV-EC limit derived here. Nonetheless, the PV-EC thermodynamic limit provides physical insights and scope of improvement for modeling experts and experimentalists alike.
Note that PV-EC systems may be configured in different ways [3] , [5] , [12] . Fig. 1 describes an approach called a PV-Electrolyzer design which comprises of two independent subsystems, namely PV cell and EC cell, see Fig. 1(a) . The PV part converts solar energy into electrical energy, which is supplied to the EC cell that further converts this electrical energy into chemical energy in the form of fuels. This design, with physically independent subsystems, is more stable and reliable with respect to material degradation as opposed to the PEC designs, where the PV parts are in physical contact with the electrolyte in the EC cell [5] , [12] . The fuels generated from cathode and anode are then stored in containers or passed onto another EC system to produce other chemicals (e.g., hydrocarbons). We assume that PV is directly connected to EC, to avoid losses associated with power electronics-based couplers. Thus, the overall efficiency (η sys ) is a product of PV efficiency (η pv ), EC efficiency (η ec ), and coupling efficiency (η c ), see Fig.  1 (a). We will now calculate the individual efficiencies so as to maximize η sys .
II. I-V CHARACTERISTICS AND EFFICIENCIES OF PV AND EC SYSTEMS
A. I-V Characteristics of an EC System
The generalized EC system comprises of "K" EC cells connected in series. A single cell consists of two electrodes [called anode (A) and cathode (C)], a solution (electrolyte) and a saltbridge (permeable membrane). The current-voltage (I − V ) characteristics of the oxidation and reduction (redox) reactions occurring at the electrodes is described by Butler-Volmer equations [17] based on standard cell potential (μ th ), exchange current density (J 0 ), and Tafel slope (β) [13] . An EC cell can be described by a single-diode characterized by an effective threshold voltage (μ th ≡ |μ C | + |μ A |), effective exchange current density (J 0,ec ), and effective Tafel slope (β ≡ β C + β A ), as shown in the equivalent circuit analysis below.
Based on the Butler-Volmer formulation, the reactions taking place at the two electrodes (cathode and anode) of an EC cell can be represented by (1) and (2), respectively [18] - [20] . Assuming the electrodes have equal areas, the series current density passing through them is given by J ec . The reduction reaction dominates at cathode while oxidation reaction dominates at anode, leading to the evolution of chemicals (fuels) associated to that particular EC cell. For example, in a water-splitting reaction, hydrogen evolution occurs at cathode and oxygen evolution occurs at anode [21] 
where J o,A and J 0,C are exchange current densities at anode and cathode, respectively, η A = V pv − V sol − μ A and η C = V sol + μ C are the overpotentials, and β is the Tafel slope of respective reactions at anode and cathode. The J − V relation of a diode is given by the following:
Hence, each exponential term in (1) and (2) can be represented as a "diode" with μ A and μ C as respective built-in potentials. Therefore, each electrode can be represented by a pair of backto-back diodes as depicted in the form of an electrical circuit in Fig. 2 (Top). This EC circuit is connected in series with a PV cell circuit, represented on the right by a current source and a diode. Note that, while estimating the thermodynamic limit, the shunt and series resistances need not be considered [22] .
When a reaction proceeds, one of the two back-to-back diodes at an electrode begins dominating its companion, because the first diode is forward biased, while the companion is reverse biased. In this situation, we can neglect the reverse-biased diode, because it draws negligible current as compared with the forward-biased diode. Now, we are left with two diodes, one for each electrode. The parameters for these electrodes are marked by subscript A (or C), as shown in (4) . The voltage across the EC system is given by the sum of voltage drops across the diode, as shown in the following equation:
where R sol is the solution resistance. Assuming an idealized case of R sol = 0, μ th = |μ C | +|μ A |, and β ≡ β C + β A , we can rewrite (4) in the following form:
where the voltages across one cell (V cell ) and across a system of K cells (V ec ) are related by V cell = V ec /K. Moreover, the effective exchange current density of the EC is given by the following:
The effective exchange current density can be perceived as the weighted average of the exchange current densities of individual electrodes. Note that (4) is valid for V ec > μ th . In the final circuit, the EC cell is represented as an effective single diode, as shown in Fig. 2 (Bottom). Now, to calculate the ideal PV-EC efficiency, we assume that Tafel slopes are current-independent, the system is maintained at the ambient temperature, and the resistance of the solution/electrolyte is negligible (i.e., R sol → 0). With these assumptions, we obtain the J − V relationship for the EC cell given by (5) .
An illustrative I − V characteristics for K = 1 system for electrolysis of water is shown in Fig. 3 .
B. I-V Characteristics of a PV System
The general PV module is constructed from "M " number of series-connected cells. Each cell may have a single junction (SJ) or MJ with "N " subcells. The module can be bifacial (with albedo, R) or it can be illuminated by a solar concentrator (S). As shown in [22] , the J − V relationship of such a tandem module can still be described by a superposition of dark and photocurrent, i.e.,
where q is the electronic charge, k B is the Boltzmann constant, T D is the device temperature, J sc is the photocurrent which is a function of S and R, and
is the "reverse saturation current" of a tandem cell. Here, Ω D is the geometric mean of emission angle of each subcell, γ(E g , T ) is a factor that accounts for photon recycling within the subcells The operating point is different from the maximum power point of PV. [22] , and E g,av is the arithmetic mean of the bandgaps of subcells (E g,i ) that maximizes the power output of the tandem cell. Equation (7) also describes the performance of a bifacial cell with front-side intensity, S, and an albedo, R, defined by the fraction of light reflected off the ground and incident on the back surface of the cell. For reference, the bandgap sequence is given by the following:
where i = 1, 2, . . . N − 1 is the subcell index, α = 0.428 eV −1 , and E 0 is the lowest bandgap of the tandem cell. It is clear from (8) that the set of bandgaps can be uniquely described by the parameters N, R, and E 0 . Note that the traditional tandemcell requirement that the lowest bandgap (E 0 ) subcell resides at the bottom of the tandem stack is dictated by the relationship N ≤ (1 + R −1 ) [22] . Even for relatively high albedo of R = 0.5 ⇒ N ≤ 3. For most EC reactions μ th ≤ 2 V and thus N ≤ 3 suffices for an optimized system. Consistent with traditional PV thermodynamic-limit calculation, the derivation above presumes that shunt/series resistances are absent, and self-heating is negligible. Substituting N = 1 in (7) gives us the J − V relationship of a module PV comprising of series-connected SJ solar cells. Furthermore, substituting N = 1 and M = 1 yields the standard J − V characteristics of a SJ solar cell, as shown in Fig. 3 .
C. Optimum PV-EC System
For a given PV-EC system, we can now find an operating point (V op , J op ) by solving for I ec = I pv or, A ec J ec (V op ) = A pv J M (V op ), as shown in Fig. 3 . Note that the ratio of cell areas (AF = A pv /A ec ) is another system parameter which will appear in the discussions later. While analyzing the system, a coupling loss described by the difference in maximum power of PV and the operating power should be taken into consideration as well.
Intuitively, when the EC is operated at the MP of the PV (i.e., (V, J) op = (V, J) mp ), the coupling is 100%, and the system is optimized. Therefore, for the global design and optimization of the PV-EC system, we will choose (V, J) op = (V, J) mp constraint so that η c = 1. Since current remains almost constant (see Fig. 3 ) for V ≤ V mp , hence, we assume that J mp ∼ J sc . This allows us to use the analytical form of J sc as given by the following equation [22] :
where J sun = 83.75 mA/cm 2 and α = 0.428 eV −1 are constants. Furthermore, the MP voltage can be analytically expressed as follows [3] :
where q is the electronic charge, T D is the device temperature, T S is the temperature of the sun, Ω D is the emission angle of the device, and Ω S is the angle subtended by sun on the device. Equation (8) 
Next, we substitute V mp from (10) and J sc,N from (9) into (13) to arrive at the key equation of this paper:
As mentioned earlier, AF = A pv /A ec . Equation (14) determines the optimum parameters (M, N, E 0 ) for a given EC system (K, μ th , J 0,ec , β) and particular values of S and R. Note that E g,top and E g,av are functions of E 0 , the smallest bandgap of the tandem cell. Therefore, for a given combination of (M, N, S, R) for the PV and given EC system, one can solve for E 0 from (14) for an optimal design. As we will show later, for a given EC system, a global maximum system efficiency requires: 1) co-optimization of (N, E 0 ) at a given PV module with (M, S, R), or 2) co-optimization of (M, E 0 ) for a given tandem (N, S, R).
Since the maximum power output is obtained when the optimized system is operated at V mp = V ec , (14) provides the optimum parameters for system design. These parameters can be substituted in the following definition of normalized output (or overall system efficiency) [22] , [23] , to achieve the thermodynamic limit:
Here, P sun is the solar intensity reaching the PV system (∼1 kW/m 2 for AM1.5G) and (V, I) mp is the maximum power point of the PV module. The power required to initiate the EC process at the thermodynamic equilibrium potential μ th is μ th I op . The factor K accounts for the number of ECs in series. The losses in PV and EC are taken into account with their respective definitions of efficiency [13] , [16] , [24] . The coupling loss is included using the coupling efficiency, defined as the ratio of operating power over the maximum power that can be generated by the PV cell.
It is important to note that maximizing η sys may not necessarily mean PV and EC components are optimum individually. However, since the efficiency of the PV subsystem drops precipitously beyond the maximum power point, the PV subsystem must operate close to the efficiency of the optimum/best standalone system. Therefore, the optimized EC subsystem efficiency can be easily estimated by the ratio: η ec ∼ η sys /η pv (see Fig. 6 ). We conclude this section by highlighting two important assumptions regarding η ec . First, we use equilibrium potential (lower heating value) of the reaction and not the thermoneutral potential (higher heating value) because equilibrium potential gives an upper bound to theoretical system efficiency. Furthermore, we assume a Faradaic efficiency of 100%, which is seldom achieved in practice.
III. RESULTS AND DISCUSSIONS
A. System Setup and Basic Operation
As described in Section II, the PV system can be configured as a module consisting of series-connected SJ or MJ (tandem) cells. For an illustrative example, we take a watersplitting cell as the EC system (load). The parameters that define a water-splitting experiment are μ th = 1.23 V, J 0,ec = 4.06 × 10 −36 mA/cm 2 , and β = 70 mV/decade [13] . For an intuitive understanding of the numerical optimization process, consider a single-MJ cell (M = 1, N = 1, 2, 3) in a PV system optimized for maximum efficiency (i.e., PVoptimized), as shown in Fig. 3 . We find that the double-junction PV (N = 2, M = 1) provides the best coupling to the watersplitting EC (K = 1) and the highest system efficiency. This is because the point of operation (V, I) op is closest to (V, I) mp . Fig. 3 shows that current is negligible at the point of intersection of the I-V of an SJ cell (N = 1, M = 1) and the EC. For a triplejunction (N = 3, M = 1) tandem cell, the overall efficiency is also lower than that of the double-junction cell due to poorer coupling efficiency (current matching). On the other hand, (N = 1, M = 2) delivers the highest system efficiency as compared with (N = 1, M = 1 or 3) , as shown in Appendix Fig. Fig. 4 . Comparison of reported solar to hydrogen efficiencies with the thermodynamic limit calculated analytically and numerically. Global maximum gives the best efficiency for that particular system with an optimum set of bandgaps.
10(a). This analysis implies that the optimum system efficiency depends on the number of subcells (N ) in the tandem PV as well as the number of series-connected cells (M ) in the module.
B. PV-EC System Limit: Comparison With Literature
To illustrate the power of (14) in defining the thermodynamic limits of a variety of systems, Fig. 4 compares the experiments presented in the literature [8] - [11] with the thermodynamically limited efficiencies.
The thermodynamic limits are calculated numerically (exact solution), and then analytically using (15) The gap between the thermodynamic limit and efficiency achieved in the laboratories shows that there is room for considerable improvement and opportunity to quantify and reduce losses in practical systems. One of the reasons for the gap between global maximum and laboratory results is that the experimental groups often use the cells that are readily available, but the bandgaps may not be optimum. We can calculate the global maximum efficiency for the same (M, N, K, S, R) but with an optimum set of bandgaps, shown by square symbols in Fig. 4 , using (14) and (15) . The optimization proceeds as follows. For a given combination of (M, N ), the maximum system efficiency varies with R. In fact, this efficiency is attained for an optimum bandgap of the lowest bandgap subcell (E 0 ), which determines the set of bandgaps of the MJ cell. A similar analysis was performed, numerically, by Hu et al. [21] for tandem photoelectrochemical systems (which is different from the PV-electrolyzer design considered here). 
C. PV-EC System Limit: K = 1 Case
For the best system efficiency, E 0 varies with R. This is evident from Figs. 5(a) and 10(b) , which have (1, 2) and (2, 1) as their respective combinations of (M, N ). The contour plot in Fig. 5(a) distinctly shows the effect of increasing albedo (R) on overall efficiency. From Fig. 5(b) , we also realize that η sys for a tandem PV increases from ∼33% (R = 0) to ∼50% (R = 1) (50% increase). Similar improvements are also expected for other combinations of M, N, R.
D. PV-EC System Limit: General Case
If we revisit (14), we observe that, for N -junction tandem, we cannot independently set both M and K for an optimized design. In fact, (M/K)-ratio would be another optimization parameter for maximizing η sys .
In most practical cases, for example, on rooftops or in solar farms, SJ solar cells are used. Therefore, let us first study the optimum combination of (M, K) for a module of SJ (N = 1) solar cells connected to a K-cell EC system. For any SJ cell with bandgap E g , and known EC, one can readily calculate (M/K) for optimum design using (14) . The corresponding η sys is found from (15) . The optimum η sys and the corresponding (M/K) are shown as a function of E g in Fig. 6 . For a water-splitting EC system, η max ∼ 26.46% for M/K ∼ 1.67 ≈ 8/5, implying that an optimum combination of eight SJ cells in series with five EC cells will yield the best overallsystem efficiency. Furthermore, this efficiency is achieved at E g = 1.33 eV, which in fact is the optimum SJ PV bandgap. This is a significant new result which can be explained as follows.
Due to logarithmic change in V op with current (see (13) ), the EC efficiency η ec does not change significantly as long as the change in current is relatively small (i.e., S is essentially a constant). Now, with η c = 1, we find that the system efficiency (η sys ) is maximized when η pv is asymptotically close to its maximum [22] , [25] . The difference in η pv and η sys arises due to kinetic losses in EC, which are incorporated in η ec . Therefore, choosing an (M/K)-ratio so as to couple optimum-PV to the EC will indeed give the optimum system design. While we have explained the result in the context of SJ-PV and EC coupling, this analysis also holds true for tandem-PV and EC coupling, see below. (14) is also shown in the same plot. The V mp of the optimum tandem increases with N which is compensated by decreasing (M/K)-ratio to ensure perfect coupling between the PV module and the EC cells. The system efficiency η sys increases from 26.46% to 34.82% for N = 1 to 2, and starts to saturate for N > 4. We predict the ultimate limit of η sys → 52.09% as N → ∞ under 1-sun with no albedo (S = 1, R = 0).
Although this paper focuses on the theoretical (thermodynamic) efficiency limit of a PV-EC system, it is important to note that a practical system will seldom reach this efficiency limit because of the variation of intensity and spectral content of solar illumination throughout the day and over the seasons. Indeed, a practical system may optimize for slightly different combination of PV-EC parameters. One may even consider adding additional components, such as maximum power point trackers and dc-dc converters, to recover a fraction of energy lost due to "nonideal" illumination. The advantage must be balanced against concerns regarding efficiency, reliability, and cost of these new components. Therefore, system optimization for standalone and grid-integrated system under practical weather and illumination conditions will be an important topic of future research.
IV. SUMMARY AND CONCLUSIONS
To summarize, we have developed an analytical theory to find the thermodynamic limit of solar to fuel conversion. Given (S, R) and an EC (K, μ th , J 0,ec , β), system efficiency is an implicit function of number of EC cells (K), number of subcells (N ), number of module cells (M ), albedo (R), and bandgap (E 0 ), i.e., η sys = f (S, R, N, M, K, E 0 , AF ). Therefore, an optimum combination of (M, N, E 0 ) provides the thermodynamically limited maximum efficiency, which is evident from Fig. 5 . The aforementioned analytical formulation provides a convenient way to find this limit and the associated parameters, viz., (M/K, N, E 0 ) and provides insights into the system with respect to recent developments in using bifaciality (R) and concentrated light (S).
The difference between the global maximum and experimental values in Fig. 4 should encourage refinement and optimization of the PV-EC design. We have considered an idealized system, i.e., R sol = 0, and it is evident that overall optimized systems, with optimum M, N, E 0 , and K can achieve much higher efficiencies compared with the laboratory results reported in the literature [26] . The analytical model developed in this paper can be used to integrate other kinds of loads [2] to the PV system. This paper can also be extended to include hourly variations in solar illumination to find daily storage capabilities and location-based optimal design.
APPENDIX
A. Comparing Analytical and Simulation Results
System operating point (I op , V op ) can be exactly determined by numerically finding the point of intersection of the I − V curves of PV and EC. Substituting the values of current in (15) of the main text can be used to calculate the efficiency. On the other hand, the analytical results (14) in the main text provides the optimum parameters of the system, which can be used to find the current and hence the efficiency using (15) . Fig. 8 demonstrates that the analytical results for M = 2, 3 (and N = 1, K = 1), respectively, compare well with the numerical simulation results. The analytical results hold true for μ th < V < V mp , and hence, E 0 should be large enough so that the voltage across the PV can overcome the threshold voltage of EC.
As the number of SJ solar cells increases, the module voltage is simply an addition of single cell voltages, implying that the voltage required from a single cell decreases, which further implies requirement of a lower value of bandgap for each cell. As an alternative example for the PV-EC system limit: K = 1 case, Fig. 10 shows results for a PV system which has modules (1, 2, and 3) of SJ solar cells. Fig. 10(a) displays the optimization in M , while the contour plot in Fig. 10(b) reaffirms the effect of increasing albedo (R) on the overall efficiency.
